Chinese Remainder Theorem
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Motivation

An Example with 2 Congruences

The purpose of the Chinese Remainder Theorem is to combine multiple congruences into a single congruence.
For example consider the following question that you should be able to solve in your head with trial and
error:

Question 1. Steve has n candies. When split amongst 5 friends there are 3 candies left over and when split
amongst 3 friends there are 1 candies left over. What is the smallest possible value of n?

Translated into the world of modular arithmetic, what we are looking for is an integer n that satisfies the
congruences

n=1 mod3

{HE3 mod 5

A solution in your head might look like this:

Since there are n has remainder 3 when dividing by 5. We can simply check the numbers
3,8,13,... until we find one that is 1 mod 3. By inspection we can see that 13 is the smallest
possible value of n.

One thing to note is that in this method, we have implicitly written 13 as 3 + 10, which

13 = 3 + 10
—— ——
3 med®) (6 modd)

So we have split 13 into two components, one that is a multiple of 3 (so doesn’t change the remainder mod
3) and is 3 mod 5; and one that is a multiple of 5 and is 1 mod 3. This will be the key idea for the proof of
the Chinese Remainder Theorem.

Some Chinese Poetry

The Chinese Remainder Theorem is named after a certain problem in the book Sunzi Suanjing (8 FE %)
written by the 5th century Chinese mathematician Sunzi. (It should be noted that, this mathematician is
different to the 5th century BC military strategist Sunzi, known for his book The Art of War)
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Question 2. There is a number which when divided by 3 leaves 2, when divided by 5 leaves 3, and when
divided by 7 leaves 2. What is the number?
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Again written in congruences this is

=2 mod3
=3 mod?5
r=2 mod?7

The book then answers this question in the form of a poem.
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Roughly this translates to:

Three people are walking together, and they are all 70 years old;

There are five plum trees, with 21 flowers on them altogether;

Seven sons reunite on a full moon (which is on the 15th of the lunar calendar);
Divide by 105 and you will have the answer.

Let us decipher this poem. What we are meant to do, is to multiply 2 (the remainder we want mod 3) with
70 (the number in the poem); 3 (the remainder we want mod 5) with 21; and 2 (the remainder we want mod
7) with 15. Then we add these numbers together and reduce mod 105.

2x704+3x21x2x15=233=23 mod 105

And if we check, we will see that 23 indeed satisfies the system of congruences in the question!

How does this work? Similarly to the case with 2 congruences, the number 233 is the sum of 3 components,
each satisfying particular congruences.

233 = &4:9/ + \65’)_/ + \39_/
(3 mts) (ne) ()

The Chinese Remainder Theorem

Now let us state the Chinese Remainder Theorem.

Theorem 3 (Chinese Remainder Theorem). Let mj,ma, ..., my be natural numbers that are pairwise
coprime, i.e. any two of the m;’s have greatest common divisor equal to 1. Then given any integers
ai,as, ..., a, the system of congruences

T =a; mod my

T =ay mod mo

T =a mod my

has a solution. Moreover, this solution is unique modulo N = mims ... my.

Remark 4. It is important to note that even though the statement of the theorem only asserts the existence
and uniqueness of x, the proof of the theorem in fact provides us with an algorithm to x. The key idea will
be to construct = as a sum of components just like the motivating examples.
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Proof. Let N; = N /m; be the product of all the numbers m; except m;. Note that in particular, since m;
is coprime to mj; for every j # i. We must have that ged(N;, m;) = 1.

Since N; and m; are coprime, N; must have an inverse mod m;. i.e. There must exist an integer x; such
that
N;z; =1 mod m;.
(To find this number x; explicitly, use the Euclidean algorithm to find numbers satisfying N;x; + m;y; = 1.)
Then consider the product a; N;z;. This number satisfies:
a;N;z; =0 mod m; (for ¢ # j, since m; divides NN;)
a;N;z; = a; mod my (since Nyz, =1 mod m;)

Thus if we consider the sum
k
T = E a;N;x;,
i=1

this number precisely satisfies the congruences x = a; mod m; for every single 7.

To show uniqueness, suppose that z’ is another number satisfying ' = a; mod m; for every ¢. Then
z— 2 =0 mod m; and m; divides x — x’ for every 4. Since all the m;’s are pairwise coprime this means
that N = myms...my, divides x — 2/, i.e.

r=2" mod N

as desired. O

Remark 5. Going back to the poem, the numbers 70,21, and 15 are precisely the N;x;’s that show up in
the proof.

Let’s work through an example.

Question 6. Solve the system of congruences

z=1 mod 2
=3 mod?5
=4 mod?7

Solution. We have N =2 x5 x7=70, Ny =5x7=35 No =2x7=14, and N3 =2 x 5 = 10.

By using the Euclidean algorithm (or by inspection) we see that

35x1=1 mod 2
14x4=1 mod?5
10x5=1 mod?7

So we have x1 = 1,29 = 4,23 = 5. We conclude

r=(1x35x1)+(3x14x4)+(4x10x5)
= 403
=53 mod 70.
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More General Forms of CRT (Non-Examinable)

In fact, we can rewrite the Chinese Remainder Theorem using the language of groups and rings.

Theorem 7 (Chinese Remainder Theorem). Let mq, ma,..., my be pairwise coprime integers and let N =
mims ... my, then there is an isomorphism of groups (and rings).

Z/NZ = Z]miZ x Z)miZ X - - L/ miZ.
Proof. Omitted. O
Even more generally, let R be a ring and say that two ideals I, J of R are coprime if there exists elements
a€l,be Jsuch that a+b=1.

Question 8. How does this definition of coprime ideals relate to the definition of coprime numbers that you
are familiar with?

Theorem 9 (Chinese Remainder Theorem for Ideals). Let R be a ring and let Iy, Is, ..., I be ideals that are

pairwise coprime. Define I = ﬂ§:1 I; to be the intersection of all these ideals. Then there is an isomorphism
of rings
R/I>R/I} Xx R/Is X -+ R/I}.

Proof. Omitted. O



